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Abstract

In this paper, we discuss the Lie symmetries, symmetry algebra and symmetry
reductions of the equation which describes constant mean curvature surfaces
via the generalized Weierstrass—Enneper formulae. First we point out that
the equation admits an infinite-dimensional symmetry Lie algebra. Then
using symmetry reductions, we obtain two integrable Hamiltonian systems
(one autonomous, the other nonautonomous) with two degrees of freedom.
The autonomous one was obtained by Konopelchenko and Taimanov by other
means. Our method provides a new approach for construction of constant mean
curvature surfaces.

PACS numbers: 0220, 0210, 45207, 0240, 1130

1. Introduction

For a long time, the only known examples of constant mean curvature surfaces in three-
dimensional Euclidean space E* were, besides the round sphere and the cylinder, a family of
rotationally invariant surfaces discovered in 1841 by Delaunay [1]. But in the past two decades,
there have been several breakthroughs in the study of constant mean curvature surfaces. On
the one hand, in 1984 Wente [2] constructed infinitely many immersed tori of constant mean
curvature and disproved the so-called Hopf conjecture. In 1987 Kapouleas [3] constructed
closed constant mean curvature surfaces of any genus g > 3. On the other hand, in 1979
Kenmotsu [4] discovered a remarkable representation formula for arbitrary surfaces in E 3 with
nonvanishing mean curvature, which is a generalization of the well known Weierstrass—Enneper
formula of minimal surfaces. In 1993 Konopelchenko [5] rediscovered it in a different but
equivalent form in connection with integrable nonlinear equations. By using this generalized
Weierstrass—Enneper formula, [6] established a relationship between constant mean curvature
surfaces and an integrable Hamiltonian system with two degrees of freedom. In this paper, we
discuss the Lie symmetries, symmetry algebra and symmetry reductions of the equation which
describes constant mean curvature surfaces via the generalized Weierstrass—Enneper formula.
We use the notation and formulae from [6].
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Let z, 7 be local coordinates on a surface and (X!, X?, X?) coordinates of its immersion
in E3, where

Z
X'+ix?=2i / (Wi dZ — 3 d7)
20
Z
x'—ix? = 21/ (Y3 dZ — ¢id7) 1)
20
Z
X' =2 / Wiy 2’ + 9192 dZ))
20
and 1, ¥, satisfy the equation
Vi — iV = 2H(Y 1> + [¥2 )y
Yo + iV = —2H (Y 1> + [Y2 )y

where H = constant, z = ¢ + ix.

Then (1) describes a surface with constant mean curvature H. In the following sections,
we first point out that equation (2) admits an infinite-dimensional symmetry Lie algebra. Then
using symmetry reductions we obtain two integrable Hamiltonian systems (one autonomous,
the other nonautonomous) with two degrees of freedom. The autonomous one was obtained
in [6] by other means.

@)

2. An infinite-dimensional symmetry Lie algebra

Without loss of generality, we may assume H = %, then (2) becomes

Vi = iV, + (Y 12+ [V H)vn = Ky

. (€)
Yo = =iy — (Y117 + [V )Y = Ko
The Gateaux derivatives of K; with respect to y; are, respectively,
Ki, =ide + Y1y + Yok
Kiy, = Wi + 20yl + y3h @

Kby, = =19l =21 > — ik
Ky, = —idy — Y12 — Y1¥ah

where operators d, and 7 are defined, respectively, by

5.(f) = 2—f W) = f

X

for an arbitrary complex-valued function f, the bar denotes the complex conjugation.
(2) is called a symmetry of equation (3) if it satisfies

()= (e &) ()
02/ Ky, Ky, 02

where o;, denote the total derivatives of o; with respect to 7, K {% the Gateaux derivatives of
K; with respect to v;, and v; satisfy equation (3).
From (5), through an arduous calculation, we have the following theorem.

Theorem 1. Let

or =a(x, )Y +b(x, Y +c(x, Dy

6
oy = a(x, )P +b(x, )Y, +d(x, )Y ©
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where a(x, t), b(x, t) are real-valued functions, c(x, t), d(x, t) are complex-valued functions,

and satisfy the following conditions:
a, = —by ay, = b, by —ib, =c+d

5 )

¢, =lic, d, = —id, c+c=d+d
then (g ) is a symmetry of equation (3).

i
Exam[iles.
(l/f1x> (1/flt> (ilﬂl)
Vox Vo iy
are all symmetries of equation (3) and so is
<t1//1x — XY — %il/fl)
1oy — XY, + 32 )

c ) (j =1, 2) are two symmetries of equation (3), where

1j
02j
o1j = ajYi + by +cjyn
02 = a;jVYox + by +djin

Suppose (

®)

and
ajrz_bjx aszbj, bjf_lbszcj_+dj
Cjr = 1Cjx djtz—ldj Cj+Cj:dj+dj.

C))

Defining the Lie bracket of (7'") and (72) as follows:
021 022
o21) " \on o21) \on 022) \02i

01 /_ ajax+bj3,+Cj 0
02 o 0 aj8x+bj8,+dj

then we have:

Theorem 2. The symmetries of equation (3) in theorem 1 together with the Lie bracket (10)
constitute an infinite-dimensional Lie algebra over real domain.

where

Proof. It is obvious that the real coefficients linear combinations of two symmetries of
equation (3) are also symmetries of (3).
If (8) are two symmetries of equation (3), then we have

|:<011> <012>:| _ (alﬂlx +byry; +Cl/f1>
021) " \on ayrx + by +dyn

where

a(x,t) = ajax, — araiy + bray — bray,

b(x, 1) = a1byy — asbyy + b1byy — baby,

c(x,t) = ajcye — axayy +bicy — bacyy

d(x,t) = ajdyy — axd + bidy — body,.
Therefore

a, = —b, a, = b; b, —ib, =c+d

¢ =icy d, = —id, c+é=d+d.

From theorem 1, [(‘T”), (”‘2)] is also a symmetry of (3).

021 022

Therefore from proposition 1 of [7, p 210], theorem 2 is proved. ]
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3. Symmetry reductions and integrable Hamiltonian systems

In this section, using symmetry reductions, we give two integrable Hamiltonian systems with
two degrees of freedom. One is autonomous, which was obtained in [6] by other means. The
other is nonautonomous. In a special case, we give explicit solutions in terms of an elliptic
function.

First

= Yy, — iA
(01 Vi i %) (11
02 = Yox — Ay
is a symmetry of equation (3), where A is an arbitrary real number.
Let
01 =0 = 0.
We have
Vi =10 Yo =ga(n)e™ (12)

where ¢ (1) and ¢, (¢) are arbitrary functions of ¢.
Then from (3), ¢, (¢) and ¢, (¢) satisfy the following equation:
¢ = =21 + (11> + 1621)¢
¢ = A2 — (11> + 1621 )¢h1.

This is an integrable autonomous Hamiltonian system obtained in [6].

Second
( o1 =ty — XYy, ) (14)

02 = 1Yo — XY + 12

is also a symmetry of equation (3). Let

(13)

o =0, =0.
‘We have
Y1 = ¢1(8) (3 (15)

where £ = x2+12,0 = arctan, ¢; and ¢, are arbitrary complex-valued functions of . Then
from (3), ¢; and ¢, satisfy the following equation:

2636 = (161 1° +1621)) 2

26305 +E 2y = — (191 + |21 (1o
Let ¢1 = p1 +ip2, ¢2 = qi1 +iqa, then
25%17} = (pi + 3 +47 +43)4; (17)
2679) = —(p}+ P3 +ai +aD)p;.
Introduce new variables
Pj=pj Q; =¢7g;.
Then we have
Pi=3(Pi+P;+E'Q1+E7Q)ET'Q; as)

Qy=—3(PI+P;+& Q1 +&71Q)P;.
It has the Hamiltonian form
P; = {P;, H} Q= —{Q;, H} (19)
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with the Hamiltonian function

H=3(Pr+Pr+£'Q1+67'Q3)° (20)
and with respect to the usual Poisson bracket {-, -} on Euclidean space E*. It must be pointed
out that because of the nonautonomy of (19), H is not a first integral for it. In fact, a function
I(x,t) is a first integral for (19) if and only if [8]

al

—+{Il,H} =0
a7 {1, H}
for all x, ¢.
The Hamiltonian system (19) has two first integrals:
L =EP+Py+E Q1 +£7'Q3)> +2(P1 Q1 + P2 Qy) 1)
L =P1Q, —PrQ,. (22)

Moreover, they are in involution; thus we conclude that the Hamiltonian system (19) is
integrable [9].

For the case p, = ¢, = 0, we can give explicit solutions of (17) in terms of an elliptic
function. In fact, let

p1=p&) g1 =q(&) p2=q,=0.

Then
Ly 2 2
25°p =(p"+q)q 73
L 2 2 _1 (23)
252" =—(p"+q7)p—§ ¢
and
I =&(p"+q>)? +2£2 pq (24)
is a first integral for (23).
Let
p =7rcost g =rsinT.
Then we have
r'=—1&""rsin’
/ [ S PP T (25)
T =—3§"2r"— 3§ sintcost.
From (24)
,  —sin(27) + /41 +sin*(27)
r- =
283,
Therefore
v = —1&71\ /Al +sin’(27)
1 sin® 7 (26)
Inr =—=
2 §
The Gaussian curvatures of the corresponding surfaces are [6]
1 A(Inr?)
= —— r4
where A is the Laplace operator:
92 92

—_— + —_—
ax2  9r2.
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Then from (26), we have
—sin(27)v/41 + sin®(27)
- 2
(— sin(27) + V41 + sinz(ZI)) .

The corresponding surfaces are the well known Delaunay surfaces.
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